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ABSTRACT

Dimensionality reduction is critical in analyzing increasingly
high-volume, high-dimensional time series. In this paper, we revisit
anow-classic study of time series dimensionality reduction operators
and find that for a given quality constraint, Principal Component
Analysis (PCA) uncovers representations that are over 2X smaller
than those obtained via alternative techniques favored in the litera-
ture. However, as classically implemented via Singular Value De-
composition (SVD), PCA is incredibly expensive for large datasets.
Therefore, we present DROP, a dimensionality reduction optimizer
for high-dimensional analytics pipelines that greatly reduces the
cost of the PCA operation over time series datasets. We show that
many time series are highly structured, hence a small number of
data points are sufficient to characterize the data set, which permits
aggressive sampling during dimensionality reduction. This sampling
allows DROP to uncover high quality low-dimensional bases in
running time proportional to the dataset’s intrinsic dimensionality—
independent of the actual dataset size—without requiring the user to
specify this intrinsic dimensionality a priori. DROP further enables
downstream-operation-aware optimization by coupling sampling
with online progress estimation, trading-off degree of dimensionality
reduction with the combined runtime of DROP and downstream
analytics tasks. By progressively sampling its input, computing a
candidate basis for transformation, and terminating once it finds a
sufficiently high quality basis in a reasonable running time, DROP
provides speedups of up to 50x over PCA via SVD and 33X in
end-to-end high-dimensional analytics pipelines.

1 INTRODUCTION

As high-volume, high-dimensional time series become increas-
ingly common [5, 6, 36, 40], dimensionality reduction techniques
offer a powerful toolkit for assisting in their efficient analysis [16, 26,
66]. These reduction techniques transform high-dimensional data
into a lower-dimensional subspace while still preserving data prop-
erties important for downstream analytics tasks, such as variance,
pairwise distances, or correlations. Projecting to a lower-dimensional
basis while preserving these properties accelerates common analyses
including clustering, classification, anomaly detection, and similarity
search [3, 22, 24, 34, 42, 43, 45, 61] while preserving accuracy.

In this paper, we begin with a study of dimensionality reduction
for high-dimensional time series. We find that when maintaining
pairwise distances over a gold standard set of high-dimensional time
series [13], Principal Component Analysis (PCA) [16] delivers time
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series transformations that are on average of 2x lower dimension
than alternatives. This constrasts with a recent highly-cited [19]
study of the same data that did not consider PCA, which suggested
that the choice of reduction technique is immaterial to result quality.

In addition, we find that over time series data, PCA uncovers bases
that are of far smaller dimension than classical theory predicts. As an
example, we ran PCA on a dataset containing 5000 140-dimensional
ECG heartbeat readings. The classic Johnson-Lindenstrauss (JL)
lemma [1, 16] predicts that to preserve pairwise distances to even
25%, a 137-dimensional basis is required in the worst case. In con-
trast, PCA finds a 3-dimensional subspace that preserves average
distances within 25% in this dataset—a 46X reduction. The reason
for this phenomenon is that many time series are highly structured.
Our ECG time series measuring heartbeats is periodic and has a high
degree of structural repetition. Unlike data-independent approaches
like JL, PCA is able to identify this structure within the data and
identify a basis that captures this smaller, intrinsic dimensionality.

Unfortunately, while PCA is incredibly effective at reducing the
dimensionality of time series, as in [19], it is often overlooked due to
its slow speed—as classically implemented via SVD, up to 245 times
slower than alternatives from [19], with runtime O(min {m?d, md?})
for a d-dimensional dataset containing m points. This is prohibitively
slow, especially at scale.

Subsequently, we ask: can we take advantage of the low intrinsic
dimensionality of highly structured time series to avoid the compu-
tational overhead of PCA via SVD while still retaining its utility?
Our insight is that the low intrinsic dimensionality of these highly
structured datasets leads to redundancy that can be exploited via
sampling. Instead of running PCA via SVD on the full dataset, we
can frequently achieve the same quality basis by performing PCA
via SVD on a small subset. We empirically demonstrate that sam-
ples as small as 0.39% of the dataset (average: 4.15% over the 18
largest datasets in [13]) are sufficient, yielding speedups of up to
100x (average: 5.5X) over naive computation over the full dataset.

To exploit this opportunity for sample-based PCA, we develop
DROP (Dimensionality Reduction OPtimizer), a new progressive
sampling strategy for efficiently computing a high-quality low-
dimensional basis for a given time series dataset. Given a time series,
distance metric, and accuracy target (e.g.,”“preserve average pairwise
Euclidean distance within 5%”), DROP returns a low-dimensional
basis that achieves the accuracy target. DROP’s core contribution
is in finding this basis efficiently, by adopting techniques from on-
line aggregation and progressive sampling to iteratively improve
an estimate of the true basis, thus performing PCA on a series of
increasingly large samples until convergence.

There are three key challenges in realizing this functionality:

First, PCA is guaranteed to find the optimal orthogonal basis
with respect to the Frobenius norm, an element-wise £L-norm over
matrices [66], whereas many popular analytics and data mining tasks
(e.g., k-NN [22], k-Means [34], Kernel Density Estimation [69]),
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require preservation of pairwise distances of data points, referred
to in [19] as the Tightness of Lower Bounds, or TLB (Equation 1).
Thus, even if we find a good low-dimensional basis that preserves
the Frobenius norm, this basis is not guaranteed to preserve the TLB.
Naively computing the TLB requires O(m?d) computation over the
entire dataset—the same as PCA via SVD if m < d. To circumvent
this overhead while still providing statistical guarantees, DROP
adapts techniques from approximate query processing and computes
a faster, novel sample-based TLB approximation.

Second, there are two ways to sample from a given time series
dataset: sampling dimensions from each data point, and sampling
data points from the entire dataset. The theoretical statistics and com-
puter science literature offers suggestions for each type of sampling
in isolation [33, 52]. DROP combines both for maximum effect,
both performing random projections of each data point while also
sampling from the full dataset. Beyond combining these approaches,
DROP’s key innovation is in determining how much to sample via
progressive sampling. DROP also reuses work across samples via
biased sampling, ensuring that data points with particularly poor fit
are represented in future samples.

Third, DROP must balance dimensionality and runtime. Dimen-
sionality reduction is typically employed as a pre-processing step in
analytics pipelines, and downstream operators are often willing to
trade a slightly higher-dimensional basis for faster pre-processing.
For example, covariance matrix estimation runs in time quadratic
in dimension [7]. Therefore, if DROP is used prior to covariance
estimation, and DROP can find a 10% smaller dimensional suitable
basis by running twice as long (i.e., processing more samples), then
it may be faster overall to spend the time computing this smaller
basis. However, if DROP’s downstream task is similarity search,
which exhibits runtime linear in dimension [34], then running twice
as long may in fact increase total runtime. To navigate this trade-off,
DROP accepts a workload-specific utility function and adapts tech-
niques from progress estimation to perform online optimization of
the entire, end-to-end analytics pipeline runtime.

In adapting techniques from approximate query processing for
the problem of dimensionality reduction, DROP offers a practical
and powerful tool for dimensionality reduction of time series data.
For highly structured time series, DROP can uncover the optimal
basis in running time that is independent of the actual dataset size
and without requiring the user to specify the intrinsic dimensionality
of the dataset a priori; instead, DROP discovers it. In summary, we
make the following contributions in this work:

o We extend the study of [19] to consider PCA. We find that
classical methods for PCA provide bases that are often over
2x more effective at dimensionality reduction but are up to
713x slower to compute than alternatives from [19].

e We present DROP, an online optimizer for dimensionality
reduction that uses sample-based techniques to automatically
determine the intrinsic dimensionality of and obtain an ac-
curate low-dimensional representation of a given time series
dataset. We show that as little as 2% of time series data suf-
fices to preserve pairwise distances within 2%, providing a
55.6X reduction in dimension.

e We present optimizations based on online aggregation and
progress estimation that enable order of magnitude speedups
over classic methods for PCA via SVD and faster end-to-end
execution than these techniques on real analytics pipelines.

The remainder of the paper is structured as follows. Section 2 pro-
vides a formal introduction to dimensionality reduction and performs
an empirical comparison of existing dimensionality reduction op-
erators. Section 3 presents the DROP optimizer and optimizations.
Section 4 evaluates DROP’s result quality and execution time. Sec-
tion 5 discusses related work, and Section 6 concludes.

2 BACKGROUND AND COMPARISON

In this section, we provide background on the problem of dimen-
sionality reduction, the tightness of lower bounds (T LB)—the dis-
tance metric we focus on for the majority of this paper (§ 2.1)—and
Principal Component Analysis (§ 2.2). We revisit a prior empirical
comparison of several dimensionality reduction methods [19] with
respect to both runtime and TLB (§ 2.3) to motivate our study of
efficient dimensionality reduction methods.

2.1 Dimensionality Reduction

Dimensionality reduction is a classic problem in statistics, ma-
chine learning, and data mining, and refers to finding a low-dimensional
subspace within a dataset that preserves properties of interest, such
as distance or similarity between data points [16, 26].

More formally, consider a set of m real-valued, d-dimensional
vectors, x; € RY. We can represent this dataset as a matrix X €
R™*d \where each row i corresponds to vector x;. Our goal in
dimensionality reduction is to compute a transformation function
that maps each point x; to a new basis, x; € Rk where k < d,orT:
R — Rk, such that the data contained in this basis preserves some
metric, or property of interest P, e.g., pairwise Euclidean distance
(as below). By applying the transformation T to all points in X, we
obtain a matrix X in the new basis, or R™%k A1l transformations we
consider are contractive, in that pairwise distances in the new basis
are always less than or equal to those in the original basis.

As an example transformation, one of the simplest methods for
performing dimensionality reduction is to employ random projec-
tions. To transform from dimension d to dimension k, first choose a
set of k d-dimensional vectors at random (e.g., from the unit ball) to
form a projection matrix T € Rk*d Then transform the data matrix
as X = XTT [1]. Each randomly-chosen d-dimensional vector speci-
fies a linear measurement, or combination, of each vector x;; taking
k of these measurements per data point yields a k-dimensional vector.
Classical results from statistics [1] show that random projections can
preserve pairwise distances between vectors. In this work, we will
focus on a different dimensionality reduction technique (Principal
Component Analysis, PCA [7]) that also applies a linear transforma-
tion to the input data. However, PCA’s transformation matrix is not
chosen randomly, but is instead chosen in a data-dependent manner.

Dimensionality reduction techniques are optimized for various
choices of properties.Techniques such as Locality Sensitive Hash-
ing [30] can preserve distance metrics such as Hamming distance
and Jaccard similarity. PCA seeks to preserve a data matrix property
known as the Frobenius norm; however, we will show how to adapt
PCA to a specific metric from the time series literature.



We focus on a property that is extremely popular in the time series
similarity search: the tightness of lower bounds (TLB) [19, 24, 42].
The TLB measures the average pairwise Euclidean (L) distance
between pairs of points in the transformed space compared to pairs
of points in the original space. Thus, TLB measures how well a
given dimensionality reduction transformation preserves pairwise
distances across points:

2 Xi, Xj
TLB = Z ” i ]”2 (1)
m(m = 1) &4 [lxi.x;1l

Intuitively, as we consider contractive transformations, if TLB is
preserved (close to 1), then nearby points remain nearby and far
away points remain far away. A TLB of 0.99 means that on average,
distances in the low-dimensional space are within 1% of the distances
in the original space. Exact TLB computation requires computing
all-pairs distance—or O(m?) distance computations—which rivals
or exceeds the computational complexity of many downstream an-
alytics tasks. Therefore, in this paper (like [19]), we consider an
approximate TLB; we measure TLB at a given confidence level (e.g.,
TLB at 95% confidence).

In tasks such as similarity search, we can first apply a TLB-
preserving dimensionality reduction technique to reduce the dimen-
sion of input data, then build an index in this lower dimensional space
to run similarity search queries. This methodology, which dates to the
1990s in the GEMINI framework [24], is the basis for a wide range of
popular similarity search procedures and extensions in the data min-
ing and machine learning communities [3, 9, 34, 41, 43, 47, 61, 75];
several empirical studies including [19] illustrate the relationship
between TLB and similarity search performance and accuracy.

2.2 Principal Component Analysis

Principal Component Analysis (PCA) is a core analytics task in
statistics, machine learning, and data mining (§ 5) PCA identifies
a new orthogonal basis for a given dataset—i.e., a set of vectors
that are orthogonal to one another—that optimally captures its direc-
tions of highest variance. In this work, we focus on dimensionality
reduction via PCA, as PCA empirically finds a lower-dimensional
TLB-preserving representation than conventional alternatives.

Naively implemented, PCA often relies on a black-box Singular
Value Decomposition (SVD) routine [66], which provides the ma-
trix decomposition X = UXVT. Given a data matrix X, PCA via
SVD forms the PCA transformation matrix T : R — RK by first
subtracting each column in X by the column’s mean to obtain Cx
(1TCx = 0). The first k right singular vectors of Cx (first k columns
of V from computing the SVD of Cx) comprise T. Many implemen-
tations of SVD provide a truncated SVD routine that performs this
truncation to the first k columns [66]. A sample implementation of
PCA using a truncated SVD operator is provided in Algorithm 1.

2.3 Measurement Study

To motivate our study of practical methods for dimensionality re-
duction, we revisit an influential study of time series dimensionality
reduction techniques appearing in VLDB 2008 [19]. Via empirical
evaluation of eight dimensionality reduction techniques on a suite
of datasets from the gold standard UCR Time Series Classification

Algorithm 1 PCA via truncated SVD

Inputs:
X € R™*4: training data matrix

Y € R™M2%d: data matrix to transform
k € Z,: desired dimensionality of transformed data
SVD-T: any truncated SVD algorithm

1: function FIT(X):

2 X = columnMeans(X)

3 Cx=X-X > Cx € Rmixd
4 Store: X,Cyu

5. function TRANSFORM(Y, k, SVD-T):

6 >V € RIxk
7 >Cy € Rmzxd
8 > Cache for repeated use
9

U,s, VT =SVD-T(Cx, k)
Cy=Y-X
Store: V

. return CyV

Archive [13], the authors conclude that “the tightness of lower bound-
ing. .. of the different representation methods for time series data
have, for the most part, very little difference on various data sets.”
The study found that these eight dimensionality reduction methods
were equally powerful in reducing the dimensionality of the time
series data. This implies that for a given target dimensionality k, all
methods achieve similar TLB, and, equivalently, for a given target
TLB, all methods require similar number of dimensions.

While this prior study provides a useful comparison of several
dimensionality reduction techniques, the authors left two aspects of
dimensionality reduction for future investigation, which we revisit
here. First, running time was not a focus of the prior study, which,
as the authors note, is critical as data volumes and data dimension
continue to increase. Second, the authors did not consider the use
of PCA, on the grounds that PCA is “untenable for large data sets.”
While this second concern is valid, we sought to understand the gap
between the quality of techniques explored in [19] and PCA.

To investigate these aspects, we repeated a subset of the experi-
mental evaluation of [19] while also measuring runtime and includ-
ing results from PCA. In addition to PCA, we report results using
two methods from [19]; as the remainder exhibited “very little dif-
ference,” we chose two of the fastest: Fast Fourier Transform (FFT)
and Piecewise Aggregate Approximation (PAA). Section 4 provides
additional details regarding experimental setup.

We report the minimum dimensionality (k) achieved by each tech-
nique subject to a constraint on TLB in Table 6; Figure 1 illustrates
this graphically. On average, across 80 datasets, for TLBs of 0.99,
0.90, and 0.75, PCA provides bases that are over twice as small
as FFT and PAA. For a TLB of 0.75, PCA is able to reduce the
average dimensionality to just 4% of the original input space. As Ta-
ble 6 illustrates, the exact margin between PCA and alternatives was
dataset-dependent, but PCA was more effective at dimensionality re-
duction than PAA and FFT across all datasets. That is, by extracting
the directions of highest variance first, PCA is able to preserve more
of the pairwise distances within a dataset using fewer dimensions. To
better understand this phenomenon, Figure 3 depicts the normalized
spectrum (set of eigenvalues) of the data (Figure 3). Data with a
rapid drop-off in spectrum (as in a majority of the 80 time series we
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Figure 1: Required output dimension for target TLB, normal-
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Figure 2: Runtime Comparison of PAA, FFT, PCA, each nor-
malized to PAA runtime

study) implies the data is intrinsically low-dimensional, and PCA is
able to identify this low-dimensional basis.

However, PCA’s accuracy comes at a price: as Figure 2 illustrates,
PCA is on average over 52 times slowerllclahan PAA and over 8
times slower than FFT. This substantiates [19]’s observation that,
as classically implemented, PCA is in fact incredibly slow to run
compared to alternatives. Theory also agrees: PCA via SVD requires
an expensive O(min {m?d, md?}) running time, which scales poorly
with input data size, particularly when compared to methods such as
PAA (O(md)) and FFT (O(md log d)).

In summary, PCA offers substantially more effective dimension-
ality reduction than alternative techniques, but with a substantial
computational overhead. Therefore, in this paper, we ask: is it pos-
sible to retain PCA’s ability to provide effective TLB-preserving
dimensionality reduction without incurring such an expensive com-
putational overhead? By combining techniques from online query
processing and progressive sampling, we can.

3 DROP

While PCA consistently uncovers high-quality low-dimensional
subspaces for most time series, conventional implementations of
PCA (via SVD) are prohibitively expensive for large, high-dimensional
datasets. To bridge this gap between quality and efficiency, we
present DROP, a Dimensionality Reduction OPtimizer. Given a
time series and desired accuracy (in terms of TLB), DROP automati-
cally produces a low-dimensional transformation that maintains the
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Figure 3: Normalized Time Series Data Spectrum: Spectrum of
each of the considered 80 UCR time series, normalized by their data
length, along with the 50t 25th and 75th percentiles. A data’s
spectrum refers to its eigenvalues plotted in order of decreasing
magnitude, normalized by the sum of all eigenvalues. A rapid falloff
in spectrum indicates low intrinsic dimensionality, as most of the
data’s variance is “captured" by the first few eigenvalues.

Symbol | Description Type

X Input dataset Rmxd

m Number of input data points Z,

d Input data dimension Z;

B Target T LB preservation 0<R<1
Cm(d) | Downstream cost function Z. —> R,

R Total DROP runtime R

c Confidence level for T LB preservation R

Ty DROP output k-dimensional transformation ~ R”*k

i Current DROP iteration Z,

Table 1: DROP Algorithm Notation.

TLB bound without the computational expense of classical PCA via
SVD. DROP allows users to smoothly trade off between reduced
dimensionality and runtime by specifying a cost function that relates
dimensionality and time; one user may wish to obtain a low-quality
basis quickly for exploratory analysis, weighing time much more
than dimensionality, while another may wish to obtain a high-quality
basis for downstream analytics, weighing dimensionality much more
than time. DROP subsequently optimizes the user-specified utility
function subject to the TLB constraint.

DROP’s key insight is that techniques from approximate query
processing and progressive sampling can help avoid the cost of com-
puting a full SVD for PCA. While running SVD over a large dataset
is incredibly expensive, computing an SVD over a small subset of
this data can be quadratically cheaper. Further, as many time series
datasets possess low intrinsic dimensionality, they are amenable to
aggressive sample-based approximation—a small number of sam-
ples suffices to capture much of the “interesting” behavior in the
data. Hence, just as computing an average over a sample is often
“good enough” in relational analytics such as online aggregation, we
can often compute a TLB-preserving low-dimensional basis using a
sample (or, as in DROP, a sequence of increasingly large samples).

We now provide DROP’s formal problem statement (§ 3.1) and
overall design (§ 3.2), then describe each component in detail (§§ 3.3-
3.5). An overview of notation used in this section is in Table 1.



3.1 DROP Problem Statement

DROP is an optimizer that automatically produces a dimension-
ality reduction transformation tuned to both a given dataset and a
given accuracy constraint. As input, DROP takes a set of data points,
each representing an interval of time from a time series, as well as a
TLB constraint, B. DROP then produces a dimensionality reduction
function in the form of a transformation matrix that satisfies the TLB
constraint to a specified degree of confidence (default 95%) when
applied to the input data. In this way, DROP acts as an analytics pre-
processor that reduces a dataset’s dimensionality while preserving
distances to a specified level.

The highest-quality dimensionality reduction (lowest dimension-
ality for a target TLB) is almost always the most computationally
expensive: running PCA via SVD over all of the data will produce a
high-quality reduction but will be expensive. In some cases, such a
high-quality reduction is desired. In many other cases, such as when
DROP is used as a component of larger analytics workflows, it can
be advantageous to return a transformation of a higher dimension
than would be achieved with full SVD, but completes faster.

DROP captures this trade-off between reduced dimensionality and
runtime using a third input parameter: a cost function that trades-off
dimension and time. Users specify a cost function that weights time
and dimensionality based on how sensitive to each their downstream
application may be. DROP provides a default cost function tuned to
the runtime of k-NN classification, relating runtime as C,,, = O(m?d),
hence seeking to equalize the time taken by DROP’s dimensionality
reduction, and projected k-NN runtime.

More formally, denoting DROP’s runtime as R, we define the
DROP optimization problem as follows:

Problem 3.1. Given a dataset X € R’"Xd, TLB constraint B €
(0, 1] with confidence c, and cost function Cp, : Z1 — Ry, find
a transformation matrix Ty, € Rk that minimizes R + Cr(k) s.t.
TLB(XTy) > B with confidence c.

Intuitively, DROP’s goal is to minimize the cost incurred by the
cost function (Cp,(k), monotonically increasing in k) by finding the
best possible transformation (T} ), while accounting for the time
required to compute the transformation (R). In this way, DROP
balances user preferences between dimensionality and runtime.

We now describe how DROP optimizes this objective.

3.2 DROP Architecture

DROP is composed of the following three steps:

Step 1: Sample (Figure 4A): In its i iteration, DROP samples
a variable proportion p; of the input data set. DROP performs impor-
tance sampling based on the results of prior steps, thus reusing work
across iterations (§3.3, Algorithm 2 Line 5).

Step 2: Compute Basis (Figure 4B): DROP computes a candi-
date low-dimensional basis for the sample. To evaluate the quality of
the basis, DROP computes an estimate of the TLB using a confidence-
interval-based approximation (§3.4, Algorithm 2 Line 6). Instead
of computing each candidate basis with a standard SVD subroutine,
DROP exploits the highly structured nature of time series by using a
fast, randomized SVD method (§3.4.1).

Step 3: Check Progress (Figure 4C): DROP determines whether
to terminate and return the best basis found thus far, or continue

input data
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Figure 4: High-level DROP Architecture

Algorithm 2 DROP Algorithm

Input:

X: data matrix

B: target metric preservation level; default TLB = 0.98
Cm: cost of downstream operations; default tuned to k-NN

Output:
T} : k-dimensional transformation matrix

1: function DROP(X, B, Cr,):

2: Initialize: i = 0;kg = 00 > iteration and current basis size
3: do

4: CLOCK.RESTART

5: Xi = SAMPLE(X, SAMPLE-SCHEDULE(i)) >§3.3
6: Ty, = COMPUTE-BASIS(X, X;, B) >§3.4
7: ri = CLOCK.ELAPSED >R=3;ri
8: while CHECK-PROGRESS(Cy, ki, ri, i++) >§3.5
9: return Ty,

iterating to find a better metric-preserving basis. In order to enable
this, DROP performs progress estimation to minimize the objective
function (§3.5, Algorithm 2 Line 8).

3.3 Step 1: Sample

Instead of processing all of the input data at once as in conven-
tional PCA via SVD, DROP seeks to compute a high-quality basis
using a sample of the data. If the sample is sufficient to compute
a high-quality basis, DROP can terminate. If not, DROP samples
additional data from the input data and computes a new basis. Thus,
DROP iteratively samples increasing subsets of the input data.

This iterative approach leads to two design decisions. First, how
much should DROP sample at each iteration; second, how can DROP



utilize information from prior iterations in sampling? DROP ad-
dresses these questions in turn by employing progressive sampling
(83.3.1) and importance sampling (§3.3.2)

3.3.1 Progressive Sampling. How large a sample suffices to
compute a high-quality basis? It is difficult to determine a priori how
many samples are required. For example, consider the following
two scenarios, where the input time series are generated from room
temperature readings. In a first scenario, the temperature is precisely
controlled by a heating system to remain at 73 degrees at all times.
In this scenario, a single sample is sufficient to characterize all
data points. However, consider a second scenario, in which we are
given temperature readings from a room that fluctuates based on
external weather conditions. Many more samples will be required
to effectively characterize the set of all points; however, the dataset
will likely contain a small number of data points that are sufficient
to characterize general behavior. For instance, within the span of a
few weeks, temperature may follow similar daily cycles.

In the worst case, the input data will have no implicit or regular
structure, and all data points and dimensions may be required to fully
capture the data variance (and appropriate TLB-preserving basis).
For example, effectively characterizing the data set will require
near all data points if a sensor malfunctions and records random,
independent values. DROP progressively samples larger and larger
samples with each iteration according to a specified schedule; in
Section 4, we find that a single schedule of ten steps, in which data
is processed no more than twice, works well across all datasets.

3.3.2 Sampling Technigue. As a baseline, DROP samples
uniformly without replacement from the input data. However, as
DRORP is an iterative algorithm, a natural opportunity for optimiza-
tion arises: information learned from previous iterations can provide
insight into the underlying data distribution.

Therefore, as DROP computes PCA over a sample of the input
data and generates a candidate low-dimensional basis at each iter-
ation, DROP can determine which points are most misrepresented
with respect to the transformation generated by the current data sam-
ple. Concretely, given a candidate basis and TLB estimate, DROP
ensures the points in the bottom qth percentile of TLB (i.e., worst fit)
are passed along to the next iteration’s sample (by default, g = 10).

DROP then populates the remainder of the sample with points
drawn uniformly from the rest of the population.

DROP’s method of sampling, where misrepresented points are
more likely to appear in future samples, is a form of importance sam-
pling [60], or a method that helps reduce variance when estimating
a quantity via sampling (here, most closely related to hard example
mining [64]), adapted to the TLB-preservation setting. We consid-
ered more exotic sampling procedures (e.g., using coresets [14]) but
found that the lightweight computational footprint of this impor-
tance sampling struck a balance for many DROP cost functions. We
quantify the benefit of importance sampling in Section 4.

3.4 Step 2: Compute Basis

Given a data sample from the first step (§ 3.3), DROP uses PCA
to compute a candidate basis that is as low-dimensional as possi-
ble while still preserving the specified TLB constraint. There are
two main design decisions DROP must address in this step: first,

how should DROP compute candidate transformations; second, how
should DROP efficiently search the space of all PCA transformations
to identify the lowest-dimensional TLB-preserving basis.

We adopt state-of-the-art randomized methods for PCA to ad-
dress the former problem of computing candidate transformations
(§3.4.1). However, the latter—efficient basis validation—is a point
of concern: as we have discussed, naively computing the full TLB
is as expensive as full SVD. Therefore, DROP adopts a novel TLB
calculation (§3.4.2) and search procedure (§3.4.3) that circumvents
this cost by employing adaptive sampling.

3.4.1 Basis Fitting. Recall that PCA via SVD is remarkably
effective at producing high-quality bases for time series (§ 2). Hence,
DROP’s core time series dimensionality reduction operator is PCA.

The most straightforward means of implementing PCA is to per-
form SVD over the sample (§2.2). There are many suitable libraries
for this task—many of which are highly optimized—and therefore
this strategy is easy to implement.

However, over the past several years, the theoretical computer
science and statistics communities have developed a variety of opti-
mized PCA implementations that improve performance by exploiting
randomization (§5). One of the most advanced of these methods is a
randomized SVD algorithm (SVD-Halko) by Halko, Martinsson, and
Tropp that computes an approximate rank-k factorization (truncated
SVD) of a data matrix (Algorithm 3). SVD-Halko computes a d X k
random projection matrix Q, multiplies this matrix by the centered
data matrix Cx, and then runs SVD on Cx Q (optionally running
power iteration to reduce error) . Perhaps surprisingly, theoretical
and empirical studies show that SVD-Halko achieves a high-quality
approximation of the best k-dimensional subspace, as produced by
full SVD, without the expense—for a matrix Cx € Rmxd, only
O(mdk + k?(m + d)) time. DROP combines SVD-Halko’s column-
level sampling with row-level sampling to further reduce its runtime;
we are unaware of such a combination in the literature.

Algorithm 3 SVD-HALKO

Input:

Cx: centered data matrix

k: size of low-dimensional subspace

p: small increase in subspace size; default: 5
q: number of power iteration steps; default: 1

: function SVD-HALKO(Cx, k, p, q):
Q e Réx(k+p) > Random Gaussian matrix
Y= (CXC)T()‘ZC xQ > Power iteration to reduce error
Q,R < QR(Y) > QR-Factorization
B=QTcx
UsvT « SVD(B)

return first k columns of V/

P

> PCA projection matrix

3.4.2 Basis Evaluation. Given a candidate k-dimensional ba-
sis, how can we efficiently determine if the basis preserves the
desired TLB? As discussed, computing pairwise TLB for all data
points requires O(m?d) time. This computational overhead would
overwhelm DROP’s runtime: the runtime of brute-force TLB com-
putation will dominate the runtime of computing PCA on a sample.



To mitigate this overhead, DROP adapts techniques from online
aggregation and approximate query processing [35, 57]: instead of
computing an exact TLB, DROP uses statistical sampling and confi-
dence intervals to compute the TLB to arbitrary confidences. Given
a candidate basis, DROP iteratively refines an estimate of the basis’
TLB by repeatedly sampling pairs from the input data, transforming
each pair into the new basis, then measuring the distortion of L3
distance between the pairs. By repeatedly computing this distortion
for independently sampled pairs, DROP can iteratively refine its
estimate until it is confident that the candidate basis satisfies the
provided TLB constraint.

As the TLB is an average of random variables bounded from
0 to 1, DROP can rely on standard statistical bounds to perform
this iterative estimation of the true TLB. Bounds that apply to the
TLB and DROP’s sampling procedure include Markov’s inequal-
ity, Chebyshev’s inequality, and Chernoff bounds, each offering
tighter bounds [55]. DROP instead uses a computationally inexpen-
sive estimate of the average TLB obtained via the Central Limit
Theorem (similar to online aggregation [35]), computing the stan-
dard deviation of the sampled pairs’ TLB measures and applying a
Gaussian-based confidence interval to the sample according to the
desired confidence. Concretely, if the lower bound of the computed
confidence interval is greater than the target TLB, DROP concludes
that the basis is a sufficiently good fit; if the upper bound of the
computed confidence interval is less than the the target TLB, DROP
concludes that the basis is not a sufficiently good fit. If the confi-
dence interval overlaps the target TLB, DROP samples more pairs.
This occurs in function EVALUATE-TLB, line 11 of Algorithm 4.

Therefore, for datasets with low variance, DROP is able to evalu-
ate a candidate basis with few samples from the dataset. In practice,
and especially for our target time series datasets, we found that
DROP rarely uses more than 300 pairs in its TLB estimates (and
often uses far fewer sampled pairs).

A related benefit of this TLB calculation is that DROP can use the
computed TLBs for each pair in its TLB estimation routine for future
iterations’ basis sampling (§3.3.2). DROP can promote pairs with
low TLB (and therefore poor fit) in this iteration’s basis such that the
pairs are more likely to appear in future basis computation samples;
i.e., the worst pairs from the current iteration are passed on to future
iterations as examples of “hard to fit” data points.

3.4.3 Basis Search. Given the sampled data, PCA routine,
and TLB evaluation procedure, DROP must find the lowest-dimensional
basis that achieves the target TLB. Per the previous section, DROP
first computes a d-dimensional basis (i.e., of dimension equal to the
input dimension) with PCA via SVD or SVD-Halko. With this basis,
DROP must determine how many dimensions must be retained to
preserve TLB. A naive strategy would evaluate the TLB for every
combination of the d basis vectors, requiring d + (‘21) oo ( d“_ll) +1
TLB evaluations. Instead, DROP exploits two key properties of PCA
via SVD that allow it to avoid so many evaluations.

First, PCA via SVD produces an orthogonal linear transformation;
that is, the first principal component explains the most variance
in the dataset, the second explains the second most—subject to
being orthogonal to the first—and so on. This means that once
the transformation matrix for dimension d has been computed, the
transformations for all dimensions k less than d are obtained by

Algorithm 4 Basis Evaluation and Search

Input:
X: sampled data matrix
B: target metric preservation level; default TLB = 0.98

: function COMPUTE-BASIS(X, X;B):

1

2: PCA.FIT(X;) > as in Algorithm 1
3: Initialize: high = k;_1; low = 0; k; = %(low + high); B; =0
4: while (low ! = high) do

5: Ty,» Bi = EVALUATE-TLB(X, B, k;)

6: if B < Bthenlow =k; + 1

7: else high = k;

8: ki = 3(low + high)

9: Ty, = cached k;-dimensional PCA transform

10: return Ty,

11: function EVALUATE-TLB(X, B, k):
122 numPairs = JM(M - 1)

13: p =100 > number of pairs to check metric preservation
14: while (p < numPairs) do

15: Bi, By, Bpi = TLB(X,p,k) > Mean and 95%-CI TLB
16: if (B;, > B or By; < B) then break

17: else pairs x= 2

18: return B;

19: function TLB(X, p, k):

20: return mean and 95%-CI of the TLB after transform-
ing p d-dimensional pairs of points from X to dimension k.
PCA.TRANSFORM caches the highest transformation computed
thus far to limit recomputation of the transformation matrix.

truncating the matrix. That is, given a PCA transformation matrix
Vi € Rdxki , that that projects d-dimensional data to dimension k1,
the transformation matrix V; € RA%k: for ko < ki over the same
training dataset is formed by taking the first k2 columns of V.

Second, with respect to TLB preservation, the more principal
components that are retained, the better the lower-dimensional repre-
sentation in terms of TLB. Orthogonal transformations such as PCA
preserve inner products. Therefore, a full PCA (where no dimensions
are omitted) perfectly preserves Lz-distance between data points. As
the L-distance is defined to be the squared sum of point-to-point dif-
ferences (all positive terms), the more principal components retained,
the closer the representation is to preserving the £L3-distance.

Using the first property (i.e., of orthogonal linear transforma-
tions), DROP obtains all low-dimensional transformations for the
sample from the previously computed d-dimensional basis. Using
the second property (i.e., of monotonicity of principal components),
DROP then runs binary search over these transformations to find the
lowest-dimensional basis that attains the desired TLB. This occurs
in function COMPUTE-BASIS, line 1 of Algorithm 4.

One concern with this approach is that computing the entire d-
dimensional basis nullifies the benefit of using SVD-Halko (column-
wise sampling). Ideally, the dimension of the best basis is known,
obviating the need for binary search, and a d-dimensional SVD



computation—but in practice, this information is rarely known a
priori. To overcome this need to compute a d-dimensional basis
with each iteration, as with importance sampling (§3.3.2), DROP’s
iterative architecture allows us to exploit information from previous
iterations. If DROP has previously found a candidate TLB-preserving
basis of size d’ < d in prior iterations, then DROP performs SVD-
Halko to only compute d” components. This both reduces the space
of low-dimensional bases to consider, and allows for more efficient
SVD computation for future iterations with more samples (via trun-
cated SVD methods, such as SVD-Halko).

3.5 Step 3: Check Progress

Given a basis computed and validated in step two, DROP deter-
mines whether to continue searching for a better basis by drawing a
larger sample and performing another iteration of steps one through
three, or to terminate, returning the basis it has already found. To
do so, DROP employs the objective function defined in its prob-
lem statement (Problem 3.1), which balances DROP computation
overhead with achieved dimensionality of the lowest-dimensional
TLB-preserving basis. To minimize this objective function, DROP
must address two design decisions. First, how should DROP esti-
mate the cost and benefit of future iterations—measured in terms of
runtime and dimensionality—compared to early termination; and,
second, how can DROP use these estimates to perform online op-
timization of its objective function? In this section, we describe
DROP’s approach to each, which combines online progress estima-
tion and convex optimization.

3.5.1 Progress Estimation. Recall that DROP’s objective
function minimizes R + Cp, (k) s.t. TLB(XT}) > B, with R denoting
DROP’s total runtime, Ty the k-dimensional TLB-preserving trans-
formation of data X returned by DROP, and Cy, (k) the dimensionality-
runtime cost function. Therefore, given a basis T]i computed in step

two of DROP’s i, DROP evaluates the value of this objective func-
tion by substituting its elapsed runtime for R and T]i for Tp.. We
denote the value of the objective at the end of iteration i as obj;.
To decide whether to continue iterating to find an improved basis,
DROP determine if obj;+1 < obj; (and, more generally, as we dis-
cuss below, obj; < obj; for j > i). If the objective function will
decrease in the next iteration, DROP should continue iterating.

However, the value of obj;+1 depends on two unknown quantities:
the runtime required for iteration i+1 (r;+1) and the dimensionality of
the TLB-preserving basis produced by iteration i + 1 (k;4+1). Because
DROP cannot directly measure r;j;+1 or kj+; without performing
iteration i+1, DROP instead estimates these quantities by performing
online progress estimation.

DROP performs online parametric fitting via polynomial interpo-
lation to compute future values based on prior iterates for r; and k;.
By default, given a sample of size m; in iteration i, DROP performs
linear-interpolation-based estimation for k;41:

. ki —

ki1
kiv1 = ki + ———(mjr1 —m;)
mi —mj_y

The estimate of r;41 follows directly, as:
ri —

ri—1
— (i1 — mi)
mj —mj—1

Fir1 =ri+

DROP can also substitute more sophisticated estimators and other
progress estimation functions; however, in practice, we found this
sufficient for accurate and efficient estimation.

3.5.2 Minimizing DROP’s Objective. Given the ability to
estimate the next iteration’s runtime (7;+1) and resulting basis dimen-
sionality (ki+1), DROP can estimate the optimal stopping point that
minimizes the DROP objective function. Notably, we can prove that
under mild assumptions, DROP’s objective function is convex, im-
plying that DROP should terminate if its objective function estimate
for the next iteration is greater than its current objective function
value. That is, if 0bj; < objj,i < j, then there is no k > i such that
obji. < obji, so DROP should terminate as soon as obj; < (;b\ji 1
where gi;j ;+1 represents the estimated objective function for the next
iteration. This gives us a simple, greedy stopping criterion used by
CHECK-PROGRESS in Algorithm 2 line 8:

obji < ‘;l7ji+1
i i
Cm(ki) + Z rj < Cm(iéi“’l) + Z rj+Fiy1
j=0 j=0
Cm(ki) = Cm(kis1) < Fisn @

According to this criterion, DROP should terminate if the pro-
jected time to run an additional iteration of DROP exceeds the esti-
mated benefit obtained in downstream tasks. This enables a simple
policy for DROP’s third step: estimate the next iteration’s runtime
and dimensionality per Section 3.5.1, and terminate by returning the
current basis if the condition in Equation 2 is true.

We now proceed to show that under mild assumptions, DROP’s
objective is convex, and this local-minimum obtained from the next-
iteration policy yields the optimal solution.

THEOREM 3.1. Denote DROP’s runtime after iteration i as R;,
and dimensionality of the TLB-preserving basis produced by DROP
in iteration i as k. If Cp, (k) is convex and nondecreasing in k and
ki is a convex sequence in i, obj; = R; + Cpy(ki) is convex in i.

Theorem 3.1 states that given a convex, nondecreasing cost func-
tion, DROP’s objective is convex. To examine this precondition,
many cost functions, such as the runtime for analytics operators in-
cluding k-NN (O(m?d)) are convex and nondecreasing in d. Further,
we empirically find that larger samples result in smaller k;, and this
relationship between proportion of sampled points (and therefore
iteration) decays roughly exponentially (convex).

We proceed to prove Theorem 3.1.

PROOF. The runtime of each iteration of DROP, r;, is convex
in i because each iteration of SVD-Halko requires time O(mdk; +
kl.z(m + d)), which is convex in i. The sum of convex functions is
also convex, so, given convexity of Cy,, k;, and R;, we have that
R;i + Cm(k;) is convex in i. O

3.6 Recap and Discussion

DROP combines database and machine learning techniques span-
ning online aggregation (§ 3.4.2), progress estimation (§ 3.5), pro-
gressive sampling (§§ 3.3, 3.4.2), and randomized PCA approxima-
tion (§ 3.4.1) for the first time that we are aware. DROP optimizes



the combination of runtime and dimensionality by repeating three
steps: sampling, basis evaluation, and objective function estimation.
As we demonstrate in our empirical evaluation (§4), this combination
of sample-based query processing and randomized algorithms yields
a substantially more scalable method for performing dimensionality
reduction to accelerate end-to-end analytics pipelines.

4 EXPERIMENTS AND RESULTS

In this section we evaluate DROP’s efficiency in dimensionality
reduction along three dimensions: runtime, accuracy, and extensibil-
ity. We answer the following questions:

(1) How fast is DROP compared to alternative, non-sample-based
PCA via SVD methods, and compared to an oracle? (§ 4.2)

(2) What is the effect of DROP’s work reuse? (§ 4.2)

(3) Does DROP runtime scale with intrinsic dimensionality, and
independently of data size? (§ 4.3)

(4) Can applying DROP as a pre-processor speed up end-to-end
analytics pipelines including k-NN and clustering? (§ 4.4)

(5) Can DROP extend to data sets that are not time series? (§ 4.5)

Our results demonstrate that DROP obtains a TLB-preserving
low-dimensional representation up to 50X faster than PCA via SVD
and up to 15.5x faster than PCA via SVD-Halko (average: 4.8x
and 2.9% faster, respectively). We illustrate that DROP is finds a
low-dimensional representation in runtime proportional to dataset’s
intrinsic dimensionality and independent of the dataset’s size. DROP
enables faster end-to-end execution for k-NN (max: 33X, average:
2.70x) and DBSCAN [23] (max: 12.5%, average: 1.25X)—as well
as effective dimensionality reduction for structured image datasets.

4.1 Experimental Setup

Implementation. We implement DROP on top of the open-source
MacroBase system [5] as an in-memory, batch-oriented feature trans-
formation dataflow operator. Our DROP implementation is in Java
and utilizes the Matrix-Toolkits-Java (MTJ) library for compute-
intensive linear algebra operations including matrix multiply and
SVD. To provide an apples-to-apples comparison between operators,
we disable multithreading in MTJ. All of our source code used in
this evaluation is available at http://anonymized-for-review.

Environment. We run experiments on a server with four Intel Xeon
E7-4850 v3 2.20GHz CPUs and restrict our DROP code to run on a
single core. The server contains 1TB of RAM although all methods
utilize far less memory than is available. We report DROP runtime
in isolation, excluding data loading and parsing time, and report
averages from multiple trials.

Datasets. As a baseline for evaluation, we consider 80 time series
from the UCR Time Series Classification Archive [13], considered
the gold standard from the time series data mining community. We
exclude datasets for which full SVD completes in shorter than 1 sec-
ond, leaving 18 datasets remaining. In addition, we use the standard
MNIST hand-written digits dataset [48] to demonstrate extensibility
beyond time series data.

DROP Configuration. By default, we employ a cost function
that models the running time of k-NN and clustering, scaling with
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Figure 5: Proportion of data required for target TLB, when
transforming to the PCA basis with output dimension (k) equal
to input dimension (d).

O(m?d); in our end-to-end experiments below, we show this corre-
sponds to minimizing the total time taken by both dimensionality
reduction and k-NN/clustering, resulting in a target even split be-
tween reduction and analysis steps. We employ a default sampling
schedule of [0.01, 0.02, 0.03, 0.04, 0.05, 0.10, 0.20, 0.30, 0.65, 1.00]
for all time series; it is possible to optimize (and possibly overfit)
this schedule for our target time series, but we sought to provide a
conservative (and more general) schedule instead.

Baselines. We report runtime, accuracy, and reduced dimension
compared to two methods utilizing non-sample-based PCA via SVD
(via MTJ’s built-in primitive) and SVD-Halko (implemented via
MT]J), referred to as SVD and SVD-Halko, respectively. Each of
these methods computes a transformation over the entire data, then
performs binary search to identify the smallest dimensional basis that
satisfies the target TLB. These methods complement those from our
earlier study in Section 2.3 and represent a classic implementation
of dimensionality reduction and an optimized implementation from
the recent literature. In addition, we introduce an “oracle" baseline,
which computes a transformation over the minimum proportion of
data required to obtain a basis of the same size as binary searching
with SVD (as above). This proportion is pre-computed offline for
each dataset. We target a TLB of 0.98 by default and vary this in our
sampling experiments in Section 4.2.

4.2 DROP Performance

Behavior under Sampling. In this section, we substantiate the use
of sampling. We vary the target TLB while examining the minimum
number of samples required to obtain a TLB-preserving basis with
output dimension k equal to input dimension d. In this way, we
isolate the effect of output basis size from data sampling. As Figure 5
illustrates, a small number of samples suffice to provide high-quality
bases that preserve TLB. On average, across the 18 UCR time series
datasets we consider, a sample of 0.64% of the input data is sufficient
to obtain a TLB of 0.75, and a sample of size 4.15% is sufficient
to attain a TLB of 0.99. Table 5 provides detailed results for all 80
datasets in the UCR time series archive.

The exact benefit of sampling is highly dataset-dependent. For
example, the StarLightCurves dataset requires an extremely small
number of samples to attain high TLB, while the Phoneme dataset


http://anonymized-for-review

SVD SVD-Halko  ®EE Oracle SN DROP
2.01

2.0
[
£
S
S 15 1.34 1.34
o 1.19
©
.&, 1.0/ 1o 1.00 1.00 1.00
©
€ 0.61
<
205 0.31

0.180.21 020, .,
0.0 0.010.02
"~ Average (N=18) StarLightCurves MALLAT Phoneme

Figure 6: Dimensionality reduction time, normalized to SVD

B No Dimensionality Reduction SvD SVD-Halko Bl DROP

1.000 1.000 1.000 1.000

221
.180.180
.018.018.020 .030.030.040

Average (N=18) StarLightCurves MALLAT

e o o P&
> o ®© o

Normalized Output Dimension
<)
[N

o
=)

Phoneme
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DROP processes an average of 8.79% less data than oracle, re-
sulting in slightly larger output dimension.

requires substantially more. In Table 5, we see that some smaller
datasets, such as Earthquakes, require a sample of nearly 90%, but
many of these datasets complete full SVD in less than 1 second.
The overall trend demonstrates that for highly structured time series,
sampling is a promising strategy for dimensionality reduction. How-
ever, as the minimum required sample size is not known a priori,
DROP must perform adaptive sampling to determine when to stop
sampling based on the input cost function, which we evaluate below.

Performance Comparison. Figure 6 illustrates that DROP is on
average 4.76x faster than SVD with binary search, and 1.17x slower
than the oracle approach where the necessary sample size is known
a priori. Compared to the oracle strategy, DROP returns early, pro-
cessing an average of 8.79% less data, but pays for this decreased
use of data by returning a basis that is on average 1.23x larger than
those found via SVD/Oracle (Figure 7). This slightly larger basis is
due to DROP’s default objective function, which seeks to equalize
the time taken by dimensionality reduction and k-NN. Penalizing
output dimension more would result in examining more of the data to
provide smaller bases, at the cost of increased running time. DROP
obtains speedups of up to 50x over SVD, as with StarLightCurves,
but in the absolute worst-case, DROP is 2x slower than full SVD
due to the choice of schedule, as with Phoneme. Further, as Figure 7
illustrates, Phoneme does not possess a low possess an intrinsic low
dimensionality, resulting in poor performance from SVD-Halko-
based implementations, affecting SVD-Halko, Oracle, and DROP in
all experiments (noted in § 3.4.1).
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Figure 8: Effect of percentage of points used for work reuse on
runtime and output dimension for DROP and SVD-Halko.

Work Reuse. To reuse work across iterations, DROP performs im-
portance sampling based on the worst fit from previous iterations
(§ 3.3.2). We quantify its benefit by varying the proportion of TLB
evaluation points carried forward. Figure 8 illustrates the results.
With its default of 10% reuse, DROP’s runtime improves by approx-
imately 1%. However, there is a trade-off: performing too much
reuse increases runtime because more of the worst-fitting points are
disproportionately likely to be sampled. Thus, on balance, we find
that even a small amount of reuse can improve result speed.

4.3 Scalability

DROP processes only as much data as required to extract a basis
that captures the intrinsic dimensionality of the dataset. For example,
as we have discussed, data is generated by automated processes often
grows much faster in size than intrinsic dimensionality; in extreme
cases, a constant number of samples is required to fully characterize
a dataset even as new time series are added.

To illustrate this phenomenon, we performed an experiment that
increased dataset size while holding intrinsic dimensionality con-
stant. We generate increasing data sizes by sampling linear combi-
nations of sinusoids with random amplitude and phase shifts such
that the intrinsic dimensionality remains fixed as 8 (i.e., data matrix
is rank 8). Hence, the sample size an algorithm requires to uncover
this dataset’s intrinsic dimensionality is constant regardless of the
full dataset size. As Figure 9 shows, using a fixed-size sampling
schedule, DROP is able to find a 8-dimensional basis that preserves
TLB to 0.98 within 102ms for dataset sizes up to 135K data points.
Runtime is near constant, with small overhead due to sampling
from larger datasets, and is 95X faster than binary search with SVD-
Halko (9719ms), the faster of the two baseline algorithms. This
near-constant runtime is due to DROP’s ability to utilize random
samples of the data (here, a sampling schedule that increases by
500 data points with each iteration). In contrast, PCA via SVD and
SVD-Halko do not exploit the intrinsic dimensionality of the dataset
and process all provided points, further illustrating the scalability
and utility of sample-based dimensionality reduction.

4.4 End-to-End Analytics

In this section, we illustrate DROP’s ability to optimize end-to-
end analytics pipelines by trading off runtime and output dimen-
sionality to decide when to stop sampling. We compare DROP’s
runtime and objective function to alternatives when running a k-NN
single-neighbor retrieval task (referred to as the 2-NN retrieval task)
and clustering using DBSCAN [23].
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To validate DROP’s utility in end-to-end analytics tasks, we eval-
uated the end-to-end runtime and accuracy of combining DROP with
k-NN retrieval implemented in Cython as part of the scikit-learn
package. We configured DROP to pre-process the k-NN inputs from
the UCR Time Series datasets with a k-NN-specific cost function
modeling k-NN runtime. We report combined DROP and 2-NN
query runtime for the 18 largest UCR Time Series datasets in Ta-
ble 3. Figure 10 illustrates the end-to-end runtime results, along
with the proportion of time spent on k-NN versus dimensionality
reduction. DROP enables end-to-end runtimes up to 33x faster than
not running dimensionality reduction (2.7X on average), and are on
average 5.9% faster than running the naive SVD approach. As our
cost function models the runtime of k-NN, we see that in each case,
DROP attempts to equalize the amount of time taken in each stage.

To validate the quality of transformations returned by DROP,
we compare points retrieved from the 2-NN retrieval task over the
transformed data obtained via DROP and the baseline techniques,
treating the results from running over the raw dataset as ground
truth. As shown in Table 2 (complete results in Table 4), DROP is
on average within 1% of our baselines (for exact classification, we
could follow this retrieval with a verification step as in GEMINI [24]
and follow-on work). Thus, by optimizing for the combination of
pre-processing time with k-NN, DROP receives substantially faster
but still accurate analytics results compared to simply running k-NN.

Sensitivity to Cost Function. A natural concern that arises from
this evaluation is: how sensitive to specific cost function is DROP?
To address this concern, we hold our cost function constant, and re-
peat our end-to-end experiments over another popular data analytics
task—clustering with DBSCAN [23], also implemented in Cython
as part of the scikit-learn package. Figure 12 illustrates the results.
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SVD SVD-Halko Oracle DROP
Raw Average (n=18) 0.838 0.839 0.835  0.851

Relative Average (n=18) 1 1.002 0.998 1.016
StarLightCurves 1 1.052 1.061 1.059
MALLAT 1 1 1.056  1.075
Phoneme 1 1.005 0.802  0.799

Table 2: k-NN accuracy of reduced dimension data returned
from each algorithm, treating k-NN over raw input data as
ground truth. Relative values (bottom four rows) are normal-
ized to the results of SVD+Binary Search.
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Figure 12: Average End-to-End DBSCAN Runtime, normalized
to running on the raw data (i.e., no dimensionality reduction).

DROP provides a less significant improvement, just 1.25X on aver-
age (max: 12.5X) compared to not running dimensionality reduction.
However, the trends seen in the previous plots hold, and DROP still
outperforms other baseline techniques—on average, 5.63x SVD and
2.5x SVD-Halko with binary search.

4.5 Beyond Time Series

We examined a representative workload from image classification
as a preliminary study of DROP’s applicability beyond time series
data. We repeat the sampling and k-NN retrieval experiments from
Section 4.4 using the MNIST hand-written digit image dataset con-
taining 70,000 images of dimension 784 (obtained by flattening each
28x28-dimensional image into a single vector [48], combining both
the provided training and testing datasets).

The oracle strategy requires only 3.19% of the data, providing a
14.3% speedup over SVD-Halko (29143 versus 2042ms). As in the
case of time series data, DROP examines 1.4% of the data, returning
a basis 1.25x larger than the baseline techniques, but 28.2x faster



than SVD-Halko, and 1.98% faster than the oracle approach. Fur-
ther, as in the previous workloads, the representation provided by
DROP maintains the same accuracy on the 2-NN retrieval task when
compared to the representations provided by the baseline strategies.
These results provide compelling evidence that the sampling-based
dimensionality reduction provided by DROP can be effective for
other regularly structured, high-volume datasets as well.

5 RELATED WORK

Dimensionality Reduction. Dimensionality reduction is a classic
operation in analytics [16, 26, 49, 66] and is well studied in the
database [3, 9, 43, 61], data mining [42, 44, 45, 50], statistics and
machine learning [18, 63], and theoretical computer science [32, 38]
communities, with techniques for use in pre-processing [28, 34, 72],
indexing [24, 41, 47, 75], and visualizing [51, 62, 68] datasets.

In this paper, inspired by [19], we study the problem of reducing
the dimensionality of increasingly prevalent high-volume time se-
ries data [22]. We extend the study of [19] by considering Principal
Component Analysis (PCA), the gold standard for linear dimension-
ality reduction in the statistics literature, which [19] previously been
eschewed due to its expense at scale.

Recent breakthroughs in the theoretical statistics community pro-
vided new algorithms for PCA that promise substantial scalability
improvements without compromising result quality [17, 18, 20, 33,
38,52, 67]. Foremost among these algorithms are techniques for ran-
domized SVD [33], which avoid computing SVD over the full data
matrix and instead compute SVD over a projection of the data matrix;
we adopt this technique as DROP’s SVD operator. However, to the
best of our knowledge, these techniques have not been empirically
compared head-to-head with conventional dimensionality reduction
approaches such as Piecewise Approximate Averaging [42], espe-
cially on real datasets. In addition, DROP combines these techniques
with row-level sampling to provide additional benefit, performing
SVD-Halko over an aggressively truncated input matrix.

Approximate Query Processing. A core problem in DROP is de-
termining the appropriate sample size for both basis computation
and basis evaluation. To address this challenge, we turned to the
approximate query processing literature.

Inspired by approximate query processing engines [57] as in on-
line aggregation [35], DROP performs progressive sampling, draw-
ing only as many samples as required to attain a TLB threshold.
Similar to prior work including [27], this threshold-based pruning
strategy [37] provides runtime that is data-dependent as opposed
to data-agnostic. In contrast with more general data dimensionality
estimation methods [8], DROP optimizes for TLB. As we illustrated
in Section 4, this strategy confers substantial runtime improvements.

DROP also leverages importance sampling to reuse work across
iterations. The literature contains a wealth of techniques for this kind
of biased sampling [4, 10], including sampling strategies that are
aware of query histories [29] and storage hierarchies [59]. DROP
leverages the pairs sampled in the course of its basis evaluation as
the foundation for its importance sampling routine. More sophisti-
cated importance sampling routines including coreset extraction are
extremely promising here but their runtime cost must be weighed
against their potential benefit.

Finally, DROP performs online progress estimation to minimize
the end-to-end analytics cost function. This is analogous to query
progress estimation [11, 12, 54] and performance prediction [21, 56]
in database and data warehouse settings and has been exploited
in approximate query processing engines such as BlinkDB [2, 73].
DROP adopts a relatively simple derivative-based estimator but
could benefit from more sophisticated techniques from the literature.

Scalable Complex Analytics. As a framework for dimensionality
reduction, DROP is designed as an analytics operator within larger
analytics dataflow pipelines. Thus, DROP can be viewed as a nat-
ural extension of recent results on integrating complex analytics
function including signal processing [15, 31, 40, 58], model train-
ing [25, 39, 46], and data exploration [53, 65, 70, 71, 74] operators
into scalable analytics engines. In the DROP implementation in this
paper’s evaluation, we evaluate DROP as a custom feature transfor-
mation dataflow operator in the MacroBase engine, combining it
with a downstream k-NN classification operator.

6 CONCLUSION

Dimensionality reduction techniques offer a powerful means of ef-
ficiently processing increasingly high-volume and high-dimensional
time series by improving the runtime of downstream analytics op-
erators without compromising accuracy. In this work, we revisit
canonical operators for time series dimensionality reduction and the
measurement study of [19] and show that PCA is more effective than
popular alternatives in the data mining literature often by a margin
of over 2x on average on gold-standard time series benchmark data
sets with respect to output data dimension. More surprisingly, we
empirically demonstrate that a small number of samples are suffi-
cient to accurately characterize directions of maximum variance and
obtain a high-quality low-dimensional basis.

These observations motivate the design of DROP, a new dimen-
sionality reduction optimizer. DROP combines progressive sampling,
progress estimation, and online aggregation to identify a high qual-
ity low dimensional bases without processing the entire dataset, by
balancing runtime and achieved dimensionality. Our empirical re-
sults illustrate that progressive sampling can improve the runtime of
conventional, non-sampling approaches to PCA by several orders of
magnitude. In addition, DROP improves the end-to-end runtime of
full analytics pipelines; a small amount of pre-processing can deliver
substantially faster downstream analytics. By adapting classic tech-
niques from approximate query engines and recent developments in
randomized linear algebra, DROP bridges the gap between quality
and efficiency in time series dimensionality reduction.
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APPENDIX
A AUGMENTED RESULTS

In this section, we provide additional information to augment
results provided in the measurement study and evaluation. Table 3
provides complete end-to-end runtime results for data processing
and the k-NN retrieval task, while Table 4 displays the corresponding
accuracies with respect to running the retrieval task on the raw data.
Table 5 displays the proportion of data required to attain a given TLB
when using a PCA transformation where output dimension is equal
to input dimension. Table 6 illustrates the output dimension required
for each algorithm (PAA, FFT, and PCA) to attain a target TLB.

Table 3: End-to-End runtime comparison of DROP and base-
line techniques with k-NN retrieval task, in ms

Dataset No DR SVD SVD-Halko | Oracle | DROP
ChlorineConcentration 458 4054 424 207 178
CinC 1809 3068 5738 884 894
ECG5000 1855 5689 561 362 482
ElectricDevices 38222 83302 28433 27260 30701
FordA 21906 10546 5300 4270 4286
FordB 18271 8984 4917 3773 3792
HandOutlines 5160 5620 9479 2832 2678
InlineSkate 579 1420 2081 548 704
InsectWingbeatSound 805 977 425 200 212
MALLAT 2593 2895 3870 643 450
NonlInvasiveFatalECG 5157 5229 3235 944 1043
Phoneme 8490 6710 7687 7534 10446
StarLightCurves 32024 35129 11429 1079 1238
Two 5728 8916 2849 2860 3335
UWaveGestureLibraryAll 25825 8147 5509 1298 1355
uWaveGestureLibrary 4734 5669 1067 402 310
wafer 1536 12911 749 403 403
yoga 1199 2943 1029 174 153

Table 4: Raw accuracy in k-NN retrieval task

Dataset SVD SVD-Halko Oracle DROP
ChlorineConcentration 0.893 0.886 0.906 0.903
CinC 0.894 0.892 0.899 0.929
ECG5000 0.855 0.855 0.856 0.874
ElectricDevices 0.877 0.875 0.866 0.888
FordA 0.892 0.878 0.884 0.9
FordB 0.875 0.875 0.871 0.874
HandOutlines 0.908 0.901 0.907 0.92
InlineSkate 0.832 0.818 0.803 0.805
InsectWingbeatSound 0.815 0.815 0.811 0.848
MALLAT 0.83 0.83 0.876 0.892
NonlnvasiveFatal ECG 0.82 0.822 0.836 0.827
Phoneme 0.848 0.852 0.68 0.678
StarLightCurves 0.615 0.648 0.653 0.651
Two 0.899 0.903 0.901 0.902
UWaveGestureLibraryAll | 0.846 0.853 0.856 0.883
uWaveGestureLibrary 0.797 0.797 0.808 0.838
wafer 0.808 0.818 0.833 0.888
yoga 0.791 0.791 0.797 0.818

Table 5: Proportion of data required to obtain a TLB-preserving
transformation with full PCA (i.e., output dimension = input
dimension)

TLB

Dataset 0.75 0.90 0.99

50words 0.0106 | 0.0185 | 0.0391
Adiac 0.0077 | 0.0145 | 0.0484
ArrowHead 0.0285 | 0.0626 | 0.2907
Beef 0.0494 | 0.0898 0.19

BeetleFly 0.3073 | 0.4449 | 0.7979
BirdChicken 0.156 0.2357 | 0.5437
Car 0.0428 | 0.0979 | 0.3719
CBF 0.0273 | 0.0775 | 0.1407
ChlorineConcentration 0.001 0.0029 0.014
CinC 0.007 0.0157 | 0.0391
Coffee 0.1224 | 0.2715 | 0.8632
Computers 0.0596 | 0.1889 | 0.6818
Cricket 0.0198 | 0.0574 | 0.2488
DiatomSizeReduction 0.015 0.0282 0.176
DistalPhalanxOutlineAgeGroup 0.0094 | 0.0241 | 0.0987
DistalPhalanxOutlineCorrect 0.006 0.0168 0.0642
DistalPhalanxTW 0.0097 0.0236 0.098
Earthquakes 0.3733 | 0.6052 | 0.8988
ECG200 0.0288 | 0.0942 | 0.3287
ECG5000 0.001 0.0025 | 0.0132
ECGFiveDays 0.0073 | 0.0114 | 0.0275
ElectricDevices 0.0026 0.0043 0.0088
FaceAll 0.0078 | 0.0171 | 0.0355
FaceFour 0.1143 | 0.2727 | 0.7708
FacesUCR 0.0077 | 0.0169 | 0.0355
FISH 0.0181 | 0.0433 | 0.1587
FordA 0.0054 | 0.0114 | 0.0198
FordB 0.008 0.0146 | 0.0248
Gun 0.0282 | 0.0477 0.134
Ham 0.0811 | 0.1558 | 0.4486
HandOutlines 0.0045 | 0.0091 | 0.0372
Haptics 0.017 0.0394 | 0.1234
Herring 0.0599 | 0.1447 | 0.4878
InlineSkate 0.0085 | 0.0162 | 0.0388
InsectWingbeatSound 0.0048 | 0.0119 | 0.0255
ItalyPowerDemand 0.0068 0.01 0.0198
LargeKitchenAppliances 0.0987 0.2373 0.6068
Lighting2 0.186 0.4505 | 0.9132
Lighting7 0.1439 | 0.3534 | 0.9022
MALLAT 0.0031 0.009 0.0197
Meat 0.0398 | 0.0528 | 0.3494
Medicallmages 0.007 0.0103 | 0.0256
MiddlePhalanxOutline AgeGroup 0.0096 | 0.0191 0.0939
MiddlePhalanxOutlineCorrect 0.0065 0.0127 | 0.0548
MiddlePhalanxTW 0.0089 | 0.0206 | 0.0916
MoteStrain 0.0148 | 0.0323 | 0.0838
NonlnvasiveFatalECG 0.0021 | 0.0043 | 0.0375
OliveOil 0.0936 | 0.1727 | 0.6366
OSULeaf 0.0258 | 0.0435 | 0.1104
PhalangesOutlinesCorrect 0.0023 | 0.0046 | 0.0187
Phoneme 0.0547 | 0.1346 | 0.3875
Plane 0.0285 | 0.0683 | 0.2068
ProximalPhalanxOutlineAgeGroup | 0.0068 | 0.0171 0.0825
ProximalPhalanxOutlineCorrect 0.0046 0.0134 0.0512
ProximalPhalanxTW 0.0052 | 0.0153 0.0831
RefrigerationDevices 0.1414 | 0.2777 | 0.6696
ScreenType 0.0324 | 0.1087 | 0.5341
ShapeletSim 0.497 0.7498 0.969
ShapesAll 0.0048 | 0.0137 | 0.0278
SmallKitchenAppliances 0.2489 0.422 0.7194
SonyAIBORobotSurface 0.0211 0.0442 0.0969
Sony AIBORobotSurfacell 0.0143 | 0.0272 | 0.0708
StarLightCurves 0.001 0.0011 | 0.0039
Strawberry 0.005 0.0086 | 0.0225
SwedishLeaf 0.0083 | 0.0178 | 0.0727
Symbols 0.0071 | 0.0096 | 0.0246
synthetic 0.0281 | 0.0642 | 0.0964
ToeSegmentation| 0.0548 | 0.0992 | 0.2988
ToeSegmentation2 0.0718 0.144 0.3784
Trace 0.0222 | 0.0555 | 0.3752
TwoLeadECG 0.0045 | 0.0081 0.0259
Two 0.0038 | 0.0097 | 0.0259
UWaveGestureLibraryAll 0.0025 0.0056 0.024
uWaveGestureLibrary 0.0017 | 0.0024 | 0.0081
wafer 0.001 0.0032 | 0.0097
‘Wine 0.031 0.0477 | 0.1745
‘WordsSynonyms 0.0094 0.0196 0.0389
Worms 0.0661 0.109 0.3177
WormsTwoClass 0.0575 | 0.1193 | 0.3289
yoga 0.0017 | 0.0028 | 0.0096




Table 6: Output dimension required for target TLB across di-
mensionality reduction technique.

TLB: 0.75 TLB: 0.90 TLB: 0.99
Dataset PAA FFT PCA PAA FFT PCA PAA FFT PCA
50words 9 9 7 18 14 10 62 28 25
Adiac 7 8 4 15 13 6 69 34 20
ArrowHead 9 9 4 16 13 8 73 33 26
Beef 7 15 2 20 18 3 89 48 7
BeetleFly 16 16 6 28 21 12 99 34 22
BirdChicken 8 14 3 14 17 6 48 20 15
Car 7 16 2 15 19 6 70 37 24
CBF 15 13 7 61 57 45 114 114 107
ChlorineConcentration 46 34 2 93 81 5 153 153 30
CinC 29 44 26 58 53 40 241 107 48
Coffee 14 17 3 46 37 6 225 158 38
Computers 21 24 16 94 66 44 636 614 192
Cricket 14 14 9 47 35 21 248 202 113
DiatomSizeReduction 7 11 7 11 13 10 87 55 21
DPOAgeGroup 12 12 2 27 17 6 66 60 36
DPOCorrect 12 12 2 26 16 7 66 57 32
DistalPhalanxTW 12 12 2 27 16 6 66 60 34
Earthquakes 276 269 103 410 400 190 491 490 340
ECG200 8 7 3 29 22 6 72 56 41
ECG5000 14 14 3 30 24 7 115 88 31
ECGFiveDays 31 28 2 53 40 5 111 65 13
ElectricDevices 36 36 27 62 57 49 78 79 74
FaceAll 28 24 8 50 35 20 110 81 48
FaceFour 36 31 5 67 43 12 271 228 61
FacesUCR 28 24 9 48 34 22 109 53 49
FISH 10 15 5 20 18 11 91 37 28
FordA 63 47 16 98 61 35 297 106 82
FordB 69 49 19 102 65 39 318 107 85
Gun 5 6 3 11 9 5 56 24 14
Ham 34 32 7 73 58 18 261 114 61
HandOutlines 11 70 10 25 83 32 93 91 46
Haptics 10 29 6 19 35 14 173 81 32
Herring 10 15 3 25 18 8 111 63 39
InlineSkate 7 49 7 15 58 17 55 63 22
InsectWingbeatSound 15 14 7 28 22 13 100 42 33
ItalyPowerDemand 6 6 2 11 10 5 19 17 15
LargeKitchenAppliances 59 49 36 165 125 89 624 545 284
Lighting2 41 34 9 152 149 28 557 490 82
Lighting7 31 27 9 126 118 26 280 269 81
MALLAT 19 30 10 46 36 26 297 182 36
Meat 13 14 2 32 24 4 218 213 23
Medicallmages 12 10 3 20 17 7 66 34 17
MPOAgeGroup 12 12 2 27 16 4 66 60 31
MPOCorrect 12 12 2 27 16 5 66 58 30
MiddlePhalanxTW 12 12 2 27 16 5 66 60 32
MoteStrain 12 11 7 39 37 26 76 75 63
NonlInvasiveFatalECG 16 22 3 42 31 18 201 121 82
OliveOil 33 25 2 61 51 5 375 213 23
OSULeaf 11 13 9 20 16 14 73 30 29
PhalangesOutlinesCorrect 11 12 2 26 16 5 65 56 28
Phoneme 87 70 59 268 201 160 920 858 535
Plane 12 11 3 22 14 6 76 39 21
PPOAgeGroup 12 12 2 26 18 4 65 58 28
PPOCorrect 12 12 2 27 18 5 66 58 28
ProximalPhalanxTW 12 12 2 26 18 5 65 59 28
RefrigerationDevices 94 76 60 222 154 121 645 586 316
ScreenType 18 24 20 70 55 40 614 614 207
ShapeletSim 275 272 62 410 402 111 491 490 180
ShapesAll 7 14 7 14 17 14 49 25 20
SmallKitchenAppliances 259 235 104 497 423 204 698 678 398
Sony AIBORobotSurface 15 14 5 28 21 13 56 43 38
Sony AIBORobotSurfacell 18 18 6 30 24 13 57 45 39
StarLightCurves 5 27 2 14 33 21 5T 36 35
Strawberry 10 11 2 24 21 6 98 41 13
SwedishLeaf 9 9 5 19 14 10 71 37 32
Symbols 7 11 6 12 13 11 46 26 14
synthetic 14 14 7 37 38 28 58 59 54
ToeSegmentation | 12 10 8 24 19 16 116 49 43
ToeSegmentation2 10 13 6 21 20 13 101 49 34
Trace 6 9 2 18 17 7 120 69 31
TwoLeadECG 12 9 2 25 19 4 70 51 14
Two 13 11 7 34 24 20 108 102 98
UWGLAI 15 27 18 35 32 28 151 82 59
uWaveGestureLibrary 4 10 5 10 11 10 43 27 20
wafer 12 10 4 37 29 11 125 112 49
Wine 10 9 2 27 20 3 104 58 9
‘WordsSynonyms 9 9 7 17 14 10 62 31 25
‘Worms 9 26 8 26 30 17 123 62 471
‘WormsTwoClass 10 26 8 25 30 17 124 61 42
yoga 6 13 3 I1 15 11 44 21 16
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